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The purpose of this paper is to prove a conjecture and settle an open problem
Ž .raised by Xiaojing Yang 2001, J. Math. Anal. Appl. 253, 691694 .  2001
Elsevier Science
 Recently, Yang 1 generalized the strengthened Carleman’s inequality
 obtained in 2 and formulated the following conjecture and open problem:
Conjecture. Let x 0. Then
x 1 ak
1  e 1 , 1Ž .Ý kž / ž /x 1 xŽ .k1
1 1 1 73 11 1945where a  , a  , a  , a  , a  , a  .1 2 3 4 5 62 24 48 5670 1280 580608
Ž .Problem. Is a  0 for k 7 in 1 ?k
We point out that the conjecture is false as stated. In fact, the constants
a and a in the conjecture are not correct. We also answer the question4 6
posed in the problem in the affirmative. We prove the following result.
THEOREM. Let x 0. Then
x 1 an
1  e 1 , 2Ž .Ý nž / ž /x 1 xŽ .n1
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where the coefficients a are obtained by the following recurrence formula:n
a 10
1 a a a a a0 1 2 n2 n1
a       , 3Ž .n ž /n n 1 n n 1 3 2
n 1, 2, . . . .
1 1 1The coefficients a  0 for all n 1. In particular, a  , a  , a  ,n 1 2 32 24 48
73 11 3625a  , a  , a  .4 5 65760 1280 580608
1 Ž .Proof. Let x  1; then 2 is equivalent to the equalityt
11t 1
k1  e 1 a t for 0 t 1Ý kž / ž /1t 1 k1
and hence to

1 . Ž .1Ž1 ln 1t kte 1 a t for 0 t 1. 4Ž .Ý k
k1
By Taylor’s formula, we have
t 2 t n
ln 1 t t     for 1	 t 1.Ž .
2 n
Ž .It follows that 4 is equivalent to

2 3 nt t t t       kŽ .2 6 12 n n1e 1 a t for 0 t 1. 5Ž .Ý k
k1
The power series
t t 2 t 3 t n
g t        6Ž . Ž .
2 6 12 n n 1Ž .
  Ž .converges for t  1 and therefore defines an analytic function g t for
 t  1. Hence
f t e g Ž t . 7Ž . Ž .
 is analytic in t  1 and thus has a power series expansion

k  f t  b t for t  1, 8Ž . Ž .Ý k
k0
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where
f Žn. 0Ž .
b  , n 0, 1, 2, . . . . 9Ž .n n!
Applying Leibnitz’s formula to
f  t  f t g  tŽ . Ž . Ž .
Ž Ž ..  which is an immediate consequence of 7 , we obtain for t  1
n1
n 1Žn. Žnk1. Žk1.f t  f t g tŽ . Ž . Ž .Ý ž /k
k0
and hence
n1 Žnk1. Žk1.f 0 g 0Ž . Ž .
Žn.f 0  n 1 ! k 1 . 10Ž . Ž . Ž . Ž .Ý n k 1 ! k 1 !Ž . Ž .k0
Ž .By definition of g t , we have
k!
Žk .g 0  , n 1, 2, 3, . . . . 11Ž . Ž .
k k 1Ž .
Ž . Ž . Ž .Now 9 , 10 , and 11 yield
b  f 0 1Ž .0
1 b b b b b0 1 2 n2 n1
b       , 12Ž .n ž /n n 1 n n 1 3 2
n 1, 2, . . . .
Ž . Ž .  kBy 5 , f t and 1Ý a t coincide on 0 t 1, and hence theyk1 k
Ž .have the same power series expansion, i.e., a  b . This proves 3 .k k
A direct calculation yields the claimed values for the coefficients
a , a , . . . , a .1 2 6
It remains to be shown that a  0 for all n. Indeed, a , a , . . . , a  0.n 1 2 6
Suppose a , a , . . . , a  0. We prove that a  0. It then follows by1 2 n n1
induction that a  0 for all n 1, 2, . . . .n
Ž .By 3 or, equivalently, by
a a a a a0 1 2 n2 n1
na       , 13Ž .n ž /n 1 n n 1 3 2
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we have
a a a a a0 1 2 n1 n
n 1 a       . 14Ž . Ž .n1 ž /n 2 n 1 n 3 2
Ž . Ž . Ž .Multiplying 14 by n 2 and subtracting 13 multiplied by n 1 , we
obtain
n 2 n 1 a  n 1 naŽ . Ž . Ž .n1 n
n 1 n 2 n 1 n 2
  a   a  1 2ž / ž /n n 1 n 1 n
n 1 n 2
  a  kž /n k n k 1
n 1 n 2 n 2
  a  an1 nž /2 3 2
1 2 k 1
 a  a   a  1 2 kn n 1 n 1 n n k n k 1Ž . Ž . Ž . Ž .
n 1 n 2
 a  a .n1 n6 2
It follows that
n 2
n 2 n 1 a  n 1 na  aŽ . Ž . Ž .n1 n n2
2n2  n 2
 a  0.n2
Therefore, a  0. This completes the proof.n1
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